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1. INTRODUCTION 
Recently, Pachpatte [ 1, Theorem 41 studied the inequality 
x )’ u(x, y) < a(x, y) + 
J-I 
b(s, t) u(s, t) ds df 
-%I Yo 
da, P) ~(a, P) da dP ds dt 
and several of its particular cases in his Theorems 1-3. The estimate 
obtained for (1) is not reducible to those obtained in Theorems 1 and 3. The 
purpose of this article is to study the n dimensional analogue of (1) and to 
give an estimate which is unified for all his Theorems l-4. The proof of our 
theorem is based on Young’s result [2] and is more logical than that given 
by Pachpatte on an ad hoc basis. 
2. MAIN RESULT 
Let 0 be an open bounded set in R” and let a point (x, ,..., x,) in &? be 
denoted by x. Let x0 and x (x0 < x) be any two points in fl and denote by D 
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the parallelepiped efined by x0 < < < x, that is, xy < ri < xi, 1 < i < n. Let 
l$ . & indicate the n-fold integral and u,(x) = D, ... D, u(x), Di = 8/8x,. 
LEMMA 121. Suppose a(x) and b(x) > 0 are continuous functions in 52. 
Let v(& x) be the solution of the characteristic initial value problem 
C-1 )” v,K x) - b(t) v(& 4 = 0 in R. 
45 x) = 1 on & = xi, i = l,..., n, 
and let D’ be a connected subdomain of R containing x such that v > 0 for 
all <ED+. IfDcD+ and 
~~(4 - b(x) N-4 < 4x1 b(x), 
where II vanishes together with all its mixed derivatives up to order n - 1 on 
?Ci =x!, i = l,..., n, then 
x u(x)< I 43 b(t) 46 x) &. x0 
In our result we shall denote the sum of all functions by f,(x) + -.. + f,(x) 
Ug,(x) u **. Ug,(x) except if any g,(x) = J;(x); then g,(x) is taken to be zero. 
THEOREM. Suppose u(x), a(x), b(x), c(x), h(x), p(x) and a(x) are 
continuous and nonnegative functions on a. Let v(s, x), w(s, x) and e(s, x) be 
the solutions of the characteristic initial value problems 
t-1)” v,(s, x) - [b(s) + h(s) + q(s) UC(S) ~P(s>] v(s, x) = 0, 
v(s, x) = 1 on si=xi, l<i<n \ 13 
(-1)” ws(s, x) - [b(s) + h(s) - P(S) UC(S)] w(s, x) = 0, 
w(s, x) = 1 on si=x,, l<i<n, 
(-1)” e,(s, x) - [b(s) - c(s)] e(s, x) = 0, 
e(s, x) = 1 on si=xi, 1 <i<n, 
and let Dt be a connected subdomain of Q containing x such that v > 0, 
w>Oande>OforallsED’.IfDcDf and 
u(x) < 4x) + 
+ jIo 4s) (jlo p(t) (jlo da> 44 da) dt) & (2) 
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then u(x) also satisfies 
x [b(a) + h(a) + q(a)] da dt ds. 
I I 
(3) 
Several other estimates are given in the proof which are simpler than (3) 
and are not comparable. 
Proof. Inequality (2) is equivalent o the system 
u,(x) < 44 + I [b(s) u,(s) + c(s) W)] ds, 
dx) = f ,sl:dG +p(s) u,(s), dsx0 
z+(x) = 
I 
x q(x) u,(s) ds. 
x0 
Let us define 
Rdx) = jx [bb) %(S) + w U2<S>l ds, 
.x+ 
M-4 = jx [h(s) u,(s) + P(S) G)I ds, 
x0 
Rx(x) = jx q(s) u,(s) ds; 
fl 
then it follows that 
R,,(x) < Nx)b(x) + R,(x)1 + c(x) M-4, 
Mx) < h(x)b(x) + R,(x)1 + Ax> R&h 
R&l G dx)[a(x) + R,(x)l. 
Adding Eqs. (4)-(6), to obtain 
(R,(x) + JMX) + R,(x)), 
< a(x)@(x) + 44 + d-4) 
+ VW + h(x) + q(x) Wx) WW)(&(x) + K(x) + W-G 
(4) 
(5) 
(6) 
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Now from the lemma it follows that 
R,(d + b(X) f b(X) G ix U(S, X) U(S)(b(S) f h(S) + q(S)) ds, 
I x0 
and hence 
(7) 
R,(x) < (-1 u(s, x) u(s)@(s) + h(s) + q(s)) ds - R,(x) - R,(x). 
.X0 
(8) 
Adding (4) and (5) and making use of (8), we find 
CR It-y) + R,(x)), < 4x)@(x) + h(x)) 
+ ~(4 1’ u(s, x) a(s)@(s) + h(s) + q(s)) ds 
. x0 
+ (4x) + h(x) - P(X) Wx))(R,(x) + R,(x)). 
Using the lemma once again, we obtain 
R ,(x> + k(x) <ix [a(s)@(s) + h(s)I x0 
+ P(S) Is 46 s) 40(W) + W) + q(t)) dt 
I 
w(s, x) ds. (9) 
. x0 
Using the estimate for R,(x) from (9) in (4), we find 
R,,(x) G 4x) b(x) + (49 - c(x)> R,(x) 
+ c(x) j_x 
-# [ 
4s)(b(s) + h(s)) 
+ P(S) -s J 
G, s) a(t)(W) + h(t) + q(f)) dt w(s, x) ds, 
50 I 
and hence from the lemma, we obtain 
R ,(x> < fr 4% x) [u(s) b(s) +c(s) I_I w(t, s). x” - 10 
x [ 4NW) + W)) 
+ P(f) is ~(a, t) u(a)[b(a) + h(a) + q(a)] da df ds 
-.s 1 I 
and now the result follows from u(x) < u(x) + R,(x). 
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Other estimates which follow from (7) and (9) are 
+ P(s)l’ 06 s) a(t)@(t) + h(t) + q(f)) df 1 ds. (11) .s 
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